Abstract. Time-invariant nonlinear systems with differentiable motions are considered. The algorithmic necessary and sufficient conditions are established in various forms for one-shot construction of a Lyapunov function, for asymptotic stability of a compact invariant set and for the exact determination of the asymptotic stability domain of the invariant set.
INTRODUCTION
The fundamental classical problem of the Lyapunov stability theory [5] has been that of the exact one-shot construction ofa system Lyapunov function. This is a consequence ofthe conditions for asymptotic stability because they are expressed for nonlinear systems via existence 6f a Lyapunov function. Such classical criteria for asymptotic stability of a set were proved by Zubov [7, p. 204], Bhatia and Sztige [1, p. 207] , and La Salle [4, p. 32] .
The open problems are the following:
What are the necessary and sufficient conditions for asymptotic stability of a compact invariant set J, which are not expressed via existence of a Lyapunov function?
What are the necessary and sufficient conditions for one-shot algorithmic construction of a Lyapunov function?
What are the necessary and sufficient conditions for exact one-shot determination of the asymptotic stability domain of the set J? The notion of the asymptotic stability domain is defined in the Appendix by following [2] , [3] .
All three problems are solved in various forms in what follows for a large class of time-invariant nonlinear systems.
NOTATION
Capital Roman letters will denote sets and spaces. J will be an invariant set of a system, J CR'. Its neighborhood will be denoted by A(J),N(J) or S(J), and its 6-neighborhood will be designated by B6(J), Bt(J)-{x "p(x,J) <. 6}, where p(x,J)-inf{llx -yil "Y J} with Ilxll -(:x) .N otice thatJ CA (J) and J C Bn(J). The Other notation will be explained in the sequel.
SYSTEM DESCRIPTION A system to be studied is described by ---
It is accepted that the system possesses one of the next two smoothness properties. This result, T + as k + and (4.14) yield v(x) +oo asx ON, x N, which proves necessity of the conditions 2-a-ii) and 2-b-ii), respectively. Sufficiency. Let all conditions of Theorem be valid. Then, the set J is asymptotically stable [1, p. 208] , [7, p. From the computational point of view the form of the condition "v(x) +oo as x ON, x U. N" is not suitable. It can be set in another form by utilizing w as used by Vanelli and Vidyasagar [6] , w(x)= 1-exp [-v(x) 
The system has the set S, of the equilibrium states, s,-(x:llxll -0 or Ilxll or Ilxll 10}. (7. 2)
The set J, J {x: xll 1, (7. 3) is a compact invariant set of the system. From (7.1) and (7.2) it follows that the system possesses the Strong Smoothness Property with the set S given by s {x: Ilxll < 10}. xll'-1 (7.6) [98(100_11x11), Ilxll 1.
The function v is defined, continuous and differentiable on the set S (7.4). Hence, p P(S;f). Besides, the function v is positive definite on S with respect toJ (7. 3) and v(x) +oo asx OS, x S, where 0s (x: Ilxll 10}.
Since the set S is open connected neighborhood of the set J (7. 3) then all the conditions of Theorem 1 are satisfied for the set N -S (7.4) . This means that the domain D of asymptotic stability of the compact invariant setJ (7. 3) of the system (7.1) equals S, -Hr.
The matrix H is positive definite. The closed invariant set J of the system is J {x :xrHx 10}.
The system possesses the Strong Smoothness Property with the set S given by S {x :xrnx < 110}. (7. 9) The set S (7.9 ) is open connected neighborhood ofJ (7.8) . Let the function p be accepted in the next form: 0 x_J p(x)= 4(xrHx 10)xrHx x (R3-,]). (7. 10)
The function p is defined, continuous and differentiable on R 3, and positive definite on R with respect to J. It leads to the following solution function v to the equations (4.lab),
The function v (7.11) is defined, continuous and differentiable on S. Hence, the function p belongs to Pl(S;f). Furthermore, the function v (7.11) is also positive definite on S with respect toJ. Besides, v(x) + as x OS {x :xrHx 100}. (7.7) All conditions of Theorem have been verified. Hence, the system (7.7) has the domain D of asymptotic stability ofJ, which equals N S, D -S {x:xrHx < 110}. (7.7a) (7.8) 
